The effective action of string theory on a spacetime manifold with boundary has both bulk and boundary terms. We propose that both bulk and boundary actions, may be found by imposing the effective action to be invariant under the gauge transformations corresponding to the massless fields and under the T-duality transformations. Using this proposal at the leading order of α ′ , the standard Gibbons-Hawking-York boundary term is reproduced.
String theory is a quantum theory of gravity with a finite number of massless fields and a tower of infinite number of massive fields reflecting the stringy nature of the gravity. This theory on the spacetime manifolds with boundary is conjectured to be dual to the gauge theory on the boundary [1] . The string theory is usually explored by studying its effective action which includes the massless fields and their higher derivative terms. For the spacetime manifolds with boundary, the effective action has both bulk and boundary terms, i.e., S eff + ∂S eff . At the leading order of derivative the bulk action should include the Einstein action and the boundary action should include the Gibbons-Hawking-York term [2, 3] . These terms and their appropriate higher derivative corrections should be produced by specific techniques in string theory.
There are various approaches for calculating the bulk actions e.g., the S-matrix approach [4, 5] , the sigma-model approach [6, 7] , the Double Field Theory [8, 9] and duality approach [10] . In the duality approach, in particular, the T-duality [11, 12] is imposed as a constraint on the reduction of the effective action on a circle S eff , i.e., the effective action satisfies the following constraint:
where ψ represents all massless fields in the base space and ψ ′ represents their transformations under the T-duality transformations which are the Buscher rules [13, 14] and their higher derivative corrections. On the right-hand side, TD represents arbitrary total derivative terms in the base space which become zero using Stokes's theorem because the base space has no boundary. This approach has been used in [15, 16] to find the effective action of string theory at orders α ′0 , α ′ , α ′2 in the bosonic string theory on the closed manifolds. It is desirable to extend the above techniques such that they would calculate the boundary action ∂S eff as well. In this paper, we are going to illustrate that a simple extension in the duality approach [10] enables one to calculate both the bulk and the boundary actions.
When spacetime manifold has boundary, the base space in the reduction of the manifold on a circle has boundary as well. As a result, the total derivative terms on the right-hand side of (1) does not vanish using the Stokes's theorem. The total derivative terms resulting from the T-duality of the bulk action in the base space should be canceled by the T-duality of the boundary action in the boundary of the base space. Calling the reduction of the bulk action on the circle S eff and the reduction of the boundary action on the same circle ∂S eff , then the T-duality constraint on the effective action is extended as the following:
Unlike (1), there are no arbitrary total derivative terms in the bulk of the base space. However, there might be some arbitrary total derivative terms in the boundary of the base space which become zero using the Stokes's theorem. Using appropriate gauge transformations corresponding to the massless fields, one may write the most general couplings in S eff and in ∂S eff , up to total derivative terms, Bianchi identities and field redefinitions [17] . The arbitrary parameters in the gauge invariant couplings may be fixed by imposing the constraint (2). We are going to examine this proposal to find the effective action S eff + ∂S eff at the leading order of derivatives, i.e., S 0 + ∂S 0 . In particular, we are going to show that the T-duality constraint (2) can produce the Gibbons-Hawking-York term [2, 3] .
We now construct the most general D-dimensional bulk action and (D − 1)-dimensional boundary action at the leading order of α ′ which are invariant under the coordinate transformations and under the standard gauge transformation of B-field, i.e.,
Using the fact that in the action total derivative terms can be ignored, one finds that in the bulk three are three terms and in the boundary there is one term, i.e.,
where the three-form H is field strength of the two-form B, i.e.,
In the second equation, the plus (minus) sign in the square root apply for a spacelike (timelike) boundary, K µν is the extrinsic curvature of the boundary and g αβ is induced metric, i.e.,
where the boundary is specified by the functions x µ = x µ (y α ) and n µ is the unit vector orthogonal to the boundary. In the bulk action, we have ignored the total derivative term ∇ µ ∇ µ Φ. In the boundary action we have also ignored the term ∇ µ Φn µ because it is converted to a total derivative term in the bulk action after using the Stokes's theorem. Up to this point the parameters a 1 , a 2 , a 3 , a 4 , are arbitrary and above actions are valid for any theory which has massless fields metric, B-field and dilaton. For string theory, however, these parameters should be fixed to specific numbers. We are going to find them by the T-duality constraint (2) .
To impose the T-duality constraint on the effective action, we have to consider a background with U(1) isometry . It is convenient to use the following background for metric, Kalb-Ramond and dilaton fields:
whereb ab is the Kalb-Ramond field in the base space, and g a , b b are two vectors in this space. The Buscher rules [13, 14] in this parametrization are the following linear transformations:
There are higher derivative corrections to these transformations [18, 15] in which we are not interested in this paper. The proposal (2) at the leading order of α ′ can be written as
where S 0 is the reduction of the bulk action (3) and ∂S 0 is the reduction of the boundary action (4) on the circle. Since the actions on the left-hand side are (D − 1)-dimensional and the boundary actions on the right-hand side are (D − 2)-dimensional, one expects the lefthand side to be zero up to some boundary terms which should be cancelled by the T-duality transformation of the boundary actions on the right-hand-side. Reduction of different scalar terms in S 0 are the following [15] :
where V ab is field strength of the U(1) gauge field g a , i.e., V ab = ∇ a g b − ∇ b g a , and W µν is field strength of the U(1) gauge field b a , i.e., W ab = ∇ a b ν − ∇ b b a . The three-formH is defined as
where the three-formH is field strength of the two-form
The three-formH is invariant under the Buscher rules (7) and satisfies an anomalous Bianchi identity [18] .
Using the reductions in (9), one can calculate the reduced action S 0 (ψ) and its transformation S 0 (ψ ′ ) under the Buscher rules (2). Their difference then becomes
One can easily observe that for the following relations between the parameters:
The right-hand side of (10) becomes a boundary term, i.e.,
where in the second line we have used the Stokes's theorem in the base space, i.e., n a is an outward-pointing unit vector orthogonal to the boundary, the plus (minus) sign is when the boundary is spacelike (timelike). In using the Stokes's theorem, we have used the Gaussian normal coordinates {z, y 1 , · · · , y D−2 } in the base space in which the bulk metric takes the form
where σ = ±1. The pulse (minus) sign is for the timelike (spacelike) boundary.
We now turn to the T-duality constraint on the boundary term (4). In the D-dimensional Gaussian normal coordinates {z, y 1 , · · · , y D−1 }, the bulk metric takes the form
To relate the T-duality transformations of the bulk action to the T-duality transformation of the boundary action, we specify the boundary as x µ = (z * , y α ) where boundary is at z * . Under this map, the induced metric becomes
We assume one of the y α directions to be the circle along which we have used the T-duality transformation of the bulk action. Hence the reduction of the boundary metric is
The reduction of different terms in the boundary action (4) becomes
whereK ab is extrinsic curvature of the boundary in the base space, and we have used the fact that in the Gaussian normal coordinate n a = (1, 0, . . . , 0). Then under the Buscher rules (7), the reduction of the boundary action transforms as
Replacing the T-duality transformations of the bulk action, i.e., (12) , and the T-duality transformation of the boundary action, i.e., (18) , into the constraint (8), one finds a 4 = ±2a 1 . This relation as well the relations in (11) fix the effective action up to the overall factor a 1 . To have the standard Einstein term, this parameter must be a 1 = 1 as well. Hence, the consistency of the effective action with the diffeomorphism symmetry, B-field gauge symmetry and with the T-duality transformations at the leading order of α ′ , fixes uniquely the effective action of the string theory on a background with boundary to be
where K is the trace of the extrinsic curvature. For zero dilaton and B-field, it is the standard action that its boundary term has been found by York, Hawking and Gibbons [2, 3] by other means. It would be interesting to extend the above calculations to the higher orders of α ′ .
